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Abstract: We study correlators of R-symmetry currents in the Coulomb branch
of N = 4 supersymmetric gauge theory in the large-N limit, using the AdS/CFT
correspondence. In particular, we consider gauge elds in the presence of grav-
ity and scalar elds parameterizing the coset SL(6;R)= SO(6) in the context of
ve-dimensional gauged supergravity. From a ten-dimensional point of view these
backgrounds correspond to continuous D3-brane distributions. We nd the surpris-
ing result that all 2-point functions of gauge currents fall into the same universality
class, irrespectively of whether they correspond to broken or unbroken symmetries.
We show that the problem of nding the spectrum can be mapped into an equivalent
Schro¨dinger problem for supersymmetric quantum mechanics. The corresponding
potential is the supersymmetric partner of the potential arising in studies of the spec-
trum for massless scalars and transverse graviton fluctuations in these backgrounds
and the associated spectra are also identical. We discuss in detail two examples
where these computations can be done explicitly as in the conformal case.
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1. Introduction
For several years the dynamics of branes in string theory have been a fruitful play-
ground to test strong coupling physics of gauge theories. For instance, the AdS/CFT
correspondence [1, 2, 3] provides us with precise prescriptions to calculate correla-
tion functions, spectra of gauge invariant operators, Wilson loops and c-functions in
N = 4 supersymmetric Yang-Mills (SYM) theory in four dimensions at large-N and
large ’t Hooft coupling. The data obtained this way from supergravity can some-
times be compared with eld theory or provide non-trivial predictions for strongly
coupled eld theories. This correspondence can be extended also to theories with
spontaneously or manifestly broken superconformal symmetry. Such theories arise
either by giving vacuum expectation values to elds [1], [5]{[13] or by deforming the
conformal theory with relevant operators [14]{[29]. Many of these deformations can
be treated eciently in the context of ve-dimensional gauged supergravity [30, 31]
and the resulting backgrounds have four-dimensional Poincare invariance and ap-
proach AdS5 in the ultraviolet (in a eld theory terminology). Typically, towards
the infrared, singularities appear which are not fully understood and seem to re-
quire a proper inclusion of the string theory dynamics or the use of other methods
developed in gravity.
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In this letter we study correlation functions of R-symmetry currents using the
holographic description of large-N gauge theories. For the conformal case correlation
functions for operators in various representations of the R-symmetry group SU(4) ’
SO(6) have been worked out in great detail (see, for instance, [32, 33]). Less is
known about correlators in deformed gauge theories which are described by more
general domain wall solutions of gauged supergravity. So far mainly scalars have
been studied, namely the minimally coupled scalar [9, 10, 34] (which has the same
equation as the transverse traceless graviton modes [35]), active and inert scalars
which parameterize deformations of the S5 [36, 37, 38], but also fermionic and abelian
vector eld fluctuations for the N = 1 flow of [20] and the N = 4 Coulomb branch
background of [9, 10] have been considered recently in [38].
We will show that for a specic class of examples this analysis can be extended
to include fluctuations of non-abelian gauge elds which are dual to R-symmetry
currents of the gauge theory. We make a general connection between the fluctua-
tion equation and supersymmetric quantum mechanics and nd that, the relevant
Schro¨dinger potential, associated with the spectrum, is just the supersymmetric part-
ner of the potential arising from the corresponding massless scalar and transverse
graviton-fluctuations equations. We show also that the corresponding spectra are
identical. It seems plausible to us that this can be extended to the full set of elds in
the supergravity multiplet. Using the AdS/CFT correspondence we calculate two-
point functions of the symmetry currents in N = 4 SYM on the Coulomb branch in
two particular cases.1 As expected, we nd deviations from the conformal 1=r6 fall-
o for large separations r. From the non-analytic part of the correlator in momentum
space we get contributions that are suppressed exponentially for large separation.
The choice of a particular state on the Coulomb branch breaks the R-symmetry
to a subgroup and therefore one might expect that broken and unbroken currents be-
have dierently and in particular one would expect Goldstone bosons corresponding
to the broken symmetry. From the dual supergravity point of view this symmetry
is a local gauge symmetry and the massless bosons simply get eaten by the gauge
elds and make them massive via the Higgs mechanism. Although the equations for
broken and unbroken currents look quite dierent | they correspond, respectively,
to massless gauge elds in a curved background and massive gauge elds | the as-
sociated spectra are identical. This result is not too surprising since on the Coulomb
branch only conformal symmetry is broken but the currents still reside in the same
supersymmetry multiplet. However, a small puzzle remains since the correlator has
also an analytic piece that depends on which of the broken or unbroken currents
are considered. For the two-point function of scalars such analytic terms give rise to
contact terms and are usually dropped, but in the case of gauge eld correlators they
1Other studies of the Coulomb branch of the N = 4 SYM theory using the AdS/CFT corre-
spondence can be found in [39].
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give rise to terms of the form xµxν=r
6, which might be interpreted in eld theory
as arising from Goldstone bosons. However, we do not nd a one to one relation
between broken currents and the presence of these terms in the correlators. We
believe that these analytic terms are unphysical, since the corresponding mode is
non-normalizable, and should be dropped.
The organization of this paper is as follows: in section 2 we present some back-
ground material on gauged supergravity and calculation of correlators in AdS/CFT.
We also make a general connection between the fluctuation equation and supersym-
metric quantum mechanics. In section 3 we focus on our two main examples where
calculations can be performed explicitly. We obtain the exact fluctuation spectrum
of gauge elds, and the two-point functions in momentum and position space. In
section 4 we give a summary of our results and give some nal remarks.
2. Generalities
Our starting point is a specic truncation of the N = 8 gauged supergravity ac-
tion [30, 31] including SO(6) gauge elds Aijµ̂ , antisymmetric in i; j, with eld strength
F ijµ̂ν̂ , where b; b = 1; 2; 3; 4; z; unhatted indices ;  = 1; 2; 3; 4 will be used later to
denote euclidean directions along the boundary at z = 0. For notational convenience
we will occasionally use the collective index a = 1; 2; : : : ; 15 to denote the adjoint
representation of SO(6), instead of i and j or we will omit such an index all together.
Furthermore, scalars in the 200 are represented by a symmetric traceless matrixM ij .
The action of the supergravity truncated to these elds has been constructed in [40]
and we follow closely their conventions.
The lagrangian density for the relevant elds of ve-dimensional gauged super-
gravity is
L = Lscalar + Lgauge ; (2.1)
where Lscalar refers to the pure gravity-scalar sector and Lgauge contains the gauge
elds and their interaction with the scalars and gravity. We rst recall some results
for the pure gravity-scalar sector since we are interested to study fluctuations of the
gauge elds in the background of specic solutions of the gravity-scalar sector. The
explicit form of the lagrangian is
1p
g
Lscalar = 1
4
R− 1
16
Tr
(
@µ̂MM
−1@µ̂MM−1
− P ; (2.2)
where the potential is
P = −g
2
32

(TrM)2 − 2Tr(M2) ; (2.3)
with g being a mass scale. Alternatively we may use the length scale R via the
relation g = 2=R.
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Supersymmetric solutions of (2.2) preserving 16 supercharges and Poincare sym-
metry in four-dimensions have been studied extensively and they correspond to states
on the Coulomb branch ofN = 4 SYM theory. Their interpretation in ten dimensions
is simply in terms of a continuous distribution of D3-branes. For these backgrounds
the matrix of scalar elds can be brought to a diagonal form using a gauge transfor-
mation. Thus we are left with six scalar elds that parameterize
M = diag(e2β1; : : : ; e2β6) ; (2.4)
obeying the constraint
P6
i=1 i = 0. There are ve independent scalar elds, denoted
by I , I = 1; 2; : : : ; 5, and the relation to the i’s is given by i =
P5
I=1 iII , where
iI is a 6 5 matrix, with rows corresponding to the fundamental representation of
SL(6;R); the normalization conventions can be found in [13, eq. (2.4)]. The metric
ansatz reads
ds2 = e2A(z)(dz2 + µνdx
µdxν) = dr2 + e2A(r)µνdx
µdxν ; (2.5)
where the relation between the coordinates z and r is such that dr = −eAdz. In
addition, all scalar elds depend on the variable r or equivalently z. The most
general solution preserving 16 supercharges has been found in [11] and is conveniently
presented in terms of an auxiliary function F (g2z). Specically, the conformal factor
is given by
e2A = g2(−F 0)2/3 ; (2.6)
where the prime denotes the derivative with respect to the argument of F (g2z). In
addition, the proles of the scalar elds are
e2βi =
f 1/6
F − bi ; f =
6Y
i=1
(F − bi) ; i = 1; 2; : : : ; 6 : (2.7)
The constants of integration are ordered as b1  b2      b6 and the function F is
constrained to obey the dierential equation
(F 0)4 = f : (2.8)
Equating n of the integration constants bi (or equivalently the associated scalar elds
i) corresponds to preserving an SO(n) subgroup of the original SO(6) R-symmetry
group. We note in passing, that there is a deep connection between solutions of
the gravity-scalar sector of the ve-dimensional gauged supergravity that we just
reviewed, and the theory of algebraic curves and associated Riemann surfaces to
which the dierential equation (2.8) is related [11, 13].
Let us now turn to the part of the lagrangian containing the gauge elds. First,
we have to replace the partial derivatives in (2.2) by gauge-covariant ones @µ̂M
ij !
@µ̂M
ij + g(Aikµ̂M
kj + Ajkµ̂ M
ik), and, second, we add the gauge kinetic term
1p
g
Lgauge = −1
8
(M−1)ij(M−1)klF ikµ̂ν̂F
jlµ̂ν̂ : (2.9)
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Since we are interested in two-point functions we only need to keep terms in (2.1)
and (2.9) which are quadratic in the gauge elds and the scalar fluctuations in the
symmetric unimodular matrixM . Note that although for our solution the matrixM
is diagonal as in (2.4), we have to consider fluctuations along the diagonal as well as
o-diagonal ones. Using the fact that M is diagonal (2.4) for our backgrounds, we
collect all terms that can give quadratic terms in the fluctuations of the scalars and
the gauge elds
1p
g
Lquad. = −1
8
e−2(βi+βj)F ijµ̂ν̂F
µ̂ν̂
ij −
g2
4
sinh2(i − j)Aijµ̂Aµ̂ij −
− g
8
Tr

(@µ̂MM
−1 −M−1@µ̂M)Aµ̂

quad.
−
− 1
16
Tr(@µ̂MM
−1@µ̂MM−1)− P jquad. : (2.10)
The rst line above is already quadratic in the gauge eld fluctuations. We emphasize
that F ijµ̂ν̂ = @µ̂A
ij
ν̂ − @ν̂Aijµ̂ is, for our purposes, the relevant part of the gauge eld
strength. The second line in the above expression is already linear in the gauge
eld fluctuaction. Hence, we are supposed to expand it to linear order in the scalar
fluctuations. Finally, the third line has to be expanded to quadratic order in the
scalar eld fluctuations. In this paper we are only interested in the gauge eld
fluctuations which, however, couple to fluctuations of the scalars. Therefore, it is
not a priori correct to simply keep the terms in the rst line in (2.10) and drop the
rest. Nevertheless, we will now explain that this procedure gives the correct result
since there is a eld redenition that eectively decouples the gauge eld fluctuations
from those of the scalars.2 To see that let us expand the second line in (2.10) and
keep the linear term in the scalar eld fluctuations. We nd that
−g
8
Tr

(@µ̂MM
−1 −M−1@µ̂M)Aµ̂

quad.
=
g
8

(e−2βj − e−2βi)@µ̂Mij + (2.11)
+ 2(e−2βi@µ̂j − e−2βj@µ̂i)Mij

Aµ̂ij :
From this we immediately deduce that the diagonal fluctuations Mii do not couple
to the gauge elds. A less trivial fact is that the scalar fluctuations in Mij that
belong to any unbroken subgroup of SO(6) do not couple to the gauge elds as well.
The reason is that in this case i = j , since then the corresponding integration
constants in (2.7) are equal, i.e. bi = bj . Hence, let us consider the remaining cases
with i 6= j which arise when the indices i; j belong to the coset. If we make the
eld redenition
Aijµ̂ −! Aijµ̂ +
1
g
@µ̂

Mij
e2βi − e2βj

; i 6= j ; (2.12)
2We thank M. Bianchi for prompting us to explain in detail how the decoupling between scalar
and gauge eld fluctuations actually works as well as for other related comments.
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the mixed terms between scalar and gauge eld fluctuations in (2.10) (with the
substitution (2.11) understood) disappear and the fluctuations decouple. Note that
the eld redenition (2.12) acts as an abelian gauge transformation and as such it
leaves the gauge eld strength F ijµ̂ν̂ invariant (to the quadratic order we are working).
We emphasize that the eld redenition (2.12) does not guarantee that there will be
no mixing between scalar and gauge eld fluctuations at the cubic or at some higher
order in the fluctuating elds, but only that the quadratic fluctuations decouple.
We also note that a similar decoupling mechanism for vector and scalar fluctuations
was found to be at work for the flow of [20] in [38]. There, it was observed that
decoupling was achieved since the gauge eld and a (charged) scalar appeared in a
gauge invariant combination.
The eld redenition (2.12) removes the scalar fluctuations of Mij since it re-
moves terms quadratic in rst derivatives of Mij from the lagrangian. The re-
maining terms are at most linear in rst derivatives and of the form BijMijMij +
Bµ̂ijMij@µ̂Mij for some space-depended Bij and B
µ̂
ij which are symmetric in i; j.
Clearly the derivative-term can be removed by adding an appropriate total deriva-
tive so that we are left with a non-dynamical eld Mij corresponding to no physical
degrees of freedom. What we have is nothing but a manifestation of the Higgs
eect in a curved background. As in flat space-time, the Goldstone bosons corre-
sponding to the broken gauge symmetries are eaten by the gauge bosons which then
become massive.
Since we are only interested in the gauge eld fluctuations we ignore the scalar
fluctuations for the rest of the paper and concentrate on those for the gauge elds
which, after the redenition (2.12), are described by the rst line in (2.10)
1p
g
L(A)quad. = −1
8
e−2(βi+βj)F ijµ̂ν̂F
µ̂ν̂
ij −
g2
4
sinh2(i − j)Aijµ̂Aµ̂ij : (2.13)
The second term corresponds to mass terms for the gauge elds, if the scalar elds i
are not equal. This implies that for general states on the Coulomb branch the bulk
gauge symmetry SO(6) is spontaneously broken and, hence, that the R-symmetry
group of the eld theory on the boundary is reduced accordingly. Notice also that
the kinetic term for the gauge elds is not canonically normalized as it gets \dressed"
by the scalar elds. This will have important consequences, as we will see.
The equation of motion following from this quadratic action (2.13) is:
Aijµ̂ : Dµ̂(e
−2(βi+βj)F µ̂ν̂ij )− g2 sinh2(i − j)Aν̂ij = 0 : (2.14)
In solving these equations we have to distinguish two cases: rst, for the unbroken
symmetry (currents), for which i = j , we can use the gauge symmetry to choose
the gauge Aijz = 0. This still allows for restricted gauge transformations with pa-
rameters that depend only on the xµ’s, but not on z. Then, the b = z component
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of eqs. (2.14) yields the constraint @z@µA
µ = 0 which allows to eliminate unphysical
longitudinal modes via a restricted gauge transformation. The equation of motion
for the remaining physical (transverse) modes A?µ which obey @
µA?µ = 0 is the same
for all components and can be written as an equation for a scalar eld, which we
denote by :
@z(e
B@z) +m
2eB = 0 ; (2.15)
with the denition
B = A− 2(i + j) : (2.16)
To arrive at this equation we have performed a Fourier transform in the xµ-directions
with kµk
µ = −m2.3
For the broken symmetry currents for which i 6= j we cannot use a gauge sym-
metry to eliminate degrees of freedom. In order to calculate the two-point functions
we couple the gauge eld to an external source by adding −1
2
Aijµ̂ J
µ̂
ij to the gauge eld
action (2.13). The source is required to be covariantly conserved, i.e. Dµ̂J ijµ̂ = 0. We
choose to decompose the gauge eld into transverse modes A?µ , longitudinal modes
@µ = Aµ − A?µ , and the component Az. The equations of motion (2.14) give
@z
(
eB(@zA
?
µ − @µAz + @z@µ)

+ eB¤A?µ − eC(¤A?µ + @µ) = e3AJz (2.17)
and
eB(¤Az − @z¤)− eCAz = e3AJz ; (2.18)
where ¤ = µν@µ@ν . The above coupled system of equations can be further simplied.
By taking the derivatives @µ and @z in (2.17) and (2.18), respectively, adding up the
resulting expressions and then using the condition Dµ̂Jµ̂ = 0, we obtain a relation
that determines  in terms of the component Az, namely
eC¤ + @z
(
eCAz

= 0 ; (2.19)
where
eC = g2e3A sinh2(i − j) = 1
4
g2(i − j)2e−B : (2.20)
The rst equality denes C, whereas the second one follows with the help of (2.7)
and relates C to B which was dened in (2.16). Using (2.19) to solve for ¤ and
then substituting back the result into (2.18) we nd the equation for the mode Az,
which decouples from the transverse modes:
eB¤Az + eB@z
(
e−C@z
(
eCAz
− eCAz = e3AJz : (2.21)
3For notational simplicity we did not include indices i, j in dening B in (2.16). Nevertheless it
should be kept in mind that dierent choices for the scalar elds βi and βj lead to dierent values
for B.
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With further manipulations using (2.21), we may cast (2.17) into an equation for the
transverse modes
eB¤A?µ + @z
(
eB@zA
?
µ
− eCA?µ = e3AJ?µ ; (2.22)
where we have dened the transverse current-source as J?µ = (µν − @µ@ν=¤)Jν . In
order to compute the two point functions in momentum space we need solutions of
the homogeneous equations (2.21) and (2.22). Actually, after a Fourier transform in
the xµ brane-directions, we can write both equations as an equation for a scalar eld
@z(e
B@z) +

m2eB − 1
4
g2(i − j)2e−B

 = 0 ; (2.23)
where we have dropped the source term. Its eect will be implemented by impos-
ing appropriate boundary conditions to the solutions. For the case of (2.22) the
scalar  denotes any component of A?µ . In order to cast (2.21) into the form (2.23),
we have used (2.20) and dened  = eCAz. For i = j we recover from (2.23)
eq. (2.15) that describes the cases with unbroken symmetry. Hence, for full gener-
ality, we may use (2.23) in order to calculate current-current correlators. We will
follow the standard procedure of [2, 3] and we will work in euclidean signature unless
stated otherwise.
In order to proceed we need a complete set of eigenfunctions of (2.23), which for
the examples we will discuss in the next section can be found explicitly and is given
in terms of hypergeometric functions. Furthermore, we keep the solutions that blow
up at the AdS boundary since they correspond to current operator insertions [2, 3].
Finally, we have to evaluate the on shell-value of the action 1
κ2
R
d5xL with 1
κ2
= N
2
16pi2
for solutions  of (2.23).4 We nd the boundary term
− lim
²!0
N2
322
eB@z
zmax
z=²
 N
2
162
k2H(k) : (2.24)
In order to keep formulas short in later sections we have written out the overall
factor 1=2 in the denition of H(k). In order to obtain the correct result we have to
normalize jz=² = 1 and take the limit in (2.24). Re-introducing Lorentz and group
theory indices properly, we can present the current-current correlators in momentum
space schematically as
hJaµ(k)J bν(−k)i =
N2
82
ab

µν − kµkν
k2

k4 ~G(k) ; (2.25)
where a group theory factor and the momentum space version of the projector,
4The overall normalization is found by carefully keeping track of all the prefactors in the dimen-
sional reduction in the S5-directions of the ten-dimensional type-IIB action to ve dimensions. In
particular, 1
κ2
=
VS5
4κ210
R8. Then using 2κ210 = (2pi)
7α′4g2s , R4 = 4pigsα′2N and VS5 = pi3 we nd the
result mentioned above.
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which guarantees that the amplitude is transverse, have been included. The factor
H(k)  k2 ~G(k) depends also on the adjoint indices a; b, but for reasons similar to
those explained in footnote 2 we have not explicitly displayed them.
In the explicit calculations performed later in section 3 we will not use H(k)
directly, as dened in (2.24), because the correlator in x-space is too singular to
be Fourier transformed to momentum space. However, by using dierential regu-
larization one can make sense of such expressions by writing singular functions as
derivatives of less singular ones and then dening the Fourier transform by formal
partial integrations [41]. In our case we have to take the correlator to be of the
form  ¤¤G(x) which is just k4 ~G(k) in momentum space. Hence, the correlator in
x-space becomes
hJaµ(x)J bν(0)i =
N2
324
ab(¤µν − @µ@ν)¤G(x) ; (2.26)
where
G(x) =
1
42
Z
d4keikx
H(k)
k2
=
1
r
Z 1
0
dkH(k)J1(kr) ; (2.27)
with J1(kr) being a Bessel function.
2.1 Supersymmetric quantum mechanics
In this subsection we want to study general aspects of the fluctuation equation (2.23),
before we proceed in section 3 to describe two special cases where calculations can
be performed exactly. Writing  = e−B/2Ψ the eld equation (2.23) turns into the
one-dimensional Schro¨dinger equation
−Ψ00 + VΨ = m2Ψ ; (2.28)
with potential
V =
1
4
(B0)2 +
1
2
B00 + g2e2(A+βi+βj) sinh2(i − j) : (2.29)
This potential, though not at all obvious, can be cast into a form that appears
in supersymmetric quantum mechanics. First, we rewrite it dierently using the
properties of our solution (2.6) and (2.7) and in particular (2.8) which proves useful
in turning derivatives with respect to the variable z into functions of the auxiliary
function F only:
V =
g4f 1/2
64
248 6X
i=1
1
(F − bi)2 −
 
6X
i=1
1
F − bi
!235 : (2.30)
Comparing with [13, eq. (4.16)] (after setting in there the parameter  = 4) we
nd that this can be written solely in terms of the conformal factor in the metric
ansatz (2.5)
V =
9
4
A02 − 3
2
A00 : (2.31)
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This potential5 has the same form as the potential appearing in supersymmetric
quantum mechanics [42, 43] with superpotential W = −3=2A0. In fact, it is the
supersymmetric partner of the potential
Vs =
9
4
A02 +
3
2
A00 ; (2.32)
that appeared in studies of 2-point functions for scalar elds or transverse graviton
fluctuations [9, 11, 12, 13, 35, 44]; the relation of (2.32) to supersymmetric quantum
mechanics in the context of gauged supergravity was rst hinted in [11] and explicitly
noted in [44]. Note that, the Schro¨dinger problem is universal and does not depend
on the indices i; j of the gauge currents. Consequently, the mass spectrum is the
same irrespectively of whether it is associated to currents corresponding to broken or
unbroken symmetries. Instead, the wavefunction  does depend on the indices i; j
through the explicit dependence on them of the conformal factor B dened in (2.16)
(cf. footnote 3).
It is well known from the general theory of supersymmetric quantum mechanics
that the spectra of superpartner potentials, such as (2.31) and (2.32), are identical
except for a zero mode. However, in our case such a mode is not normalizable due
to the asymptotic behavior of the function A(z) as z ! 0 and, therefore, is not
included in the spectrum. Hence, the spectra of current fluctuations, corresponding
to (2.31) and those for dilaton and transverse graviton fluctuations, corresponding
to (2.32), exactly coincide, as advertised in the introduction. We note, that related
observations concerning a SO(3) invariant sector of 5d gauged supergravity and a
particular Coulomb branch flow have been made in [38].6
The analysis of the qualitative features of the spectrum can be done in a similar
fashion as in the case of the superpartner arising in the case of scalar correlators [11,
12]. At the boundary z = 0 the potential goes to +1 as V ’ 3
4z2
. The behavior in
the interior depends on the number n of constants of integration bi that equal the
maximum constant among them, b1. We follow closely the discussion of [11, 13] to
which we refer for further details. For n = 4; 5 the range of z necessarily extends
to +1, i.e. 0  z < 1, corresponding to F = b1. We nd that, for n = 5, the
potential goes to zero as z ! 1 and the spectrum is continuous. For n = 4 the
potential approaches a constant value, as z ! 1, which is given by Vmin = g44 f 1/20 .
Therefore, although the spectrum is continuous, there is a mass gap whose squared
value is given by the minimum of the potential. For n = 5 the potential behaves as
n = 5 : V5 ’ 15=4
z2
; as z −! 1 : (2.33)
5An alternative way to prove the equivalence of the potentials (2.29) and (2.31) is to use the
dierential equation obeyed by the βi’s, namely β
′
i = A
′ + g2e
A+2βi [11].
6The authors of [38] informed us that their arguments concerning graviphotons are actually
broader and include all massive cases where U(1)R is broken.
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For n = 1; 2; 3 the potential goes to +1 as F ! b1 and therefore the spectrum
must be discrete. Therefore there should be a maximum value for z, denoted by
zmax, that is determined by solving the algebraic equation F (zmaxg
2) = b1. We nd
the behaviour
n = 1; 2; 3 : Vn ’ Cn
(z − zmax)2 ; as z −! z
−
max ;
Cn =
4
(4− n)2 −
1
4
: (2.34)
For more details on the full structure of the potentials (2.31) and (2.32), which
generically can be written using elliptic functions, the reader is referred to the original
literature [11, 13]. In the two special cases, to which we turn now in section 3, all
computations and results can be written in terms of elementary functions.
3. The 2-point function
In the previous section we introduced all necessary ingredients for the calculation of
correlators of symmetry currents and pointed out the relation between supersymmet-
ric quantum mechanics and the fluctuation equations. In this section we want to use
these results and apply them to two specic backgrounds worked out in [9, 10, 11].
These backgrounds correspond to distributions of D3-branes on a disc or a three-
sphere [5, 6] and they both break the bulk gauge symmetry down to SO(2) SO(4).
The broken symmetries form the coset SO(6)
SO(2)SO(4) . On the dual eld theory side
these backgrounds correspond to states on the Coulomb branch of N = 4 SYM the-
ory with reduced R-symmetry. In the following we will calculate the correlators in
momentum and position spaces.
3.1 Distribution of D3-branes on a three-sphere
We begin our exactly solvable examples with the case of a model representing D3-
branes uniformly distributed on a three-sphere. The expressions for the metric and
the scalar elds have been given in [9, 11]. The ve-dimensional metric (2.5) has the
conformal factor
e2A =
r20
R2
cos2/3 u
sin2 u
; 0  u  
2
; (3.1)
where we have dened for notational purposes the dimensionless variable u = r0z=R
2.
The parameter r0 actually plays the ro^le of the radius of the three-sphere. The AdS5
boundary corresponds to u = 0, whereas at u = =2 there is a naked curvature
singularity. This is however naturally interpreted, from a string theoretical point of
view, as the location of the distribution of the D3-branes on the three-sphere.
The proles of the scalar elds are
e2β1 = e2β2 = cos−4/3 u ; e2β3 =    = e2β6 = cos2/3 u : (3.2)
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From a ten-dimensional view point, these scalars deform the ve-sphere line element
that appears in the D3-brane solution in such a way that the subgroup SO(2)SO(4)
of the isometry group SO(6) is preserved. The Schro¨dinger potential (2.31) is found
to be
V =
r20
R4

−1 + 3
sin2 2u

: (3.3)
It is not dicult to show that a complete orthonormal set of solutions to the corre-
sponding Schro¨dinger equation is given by
Ψn =
r
2n(n+ 1)
n+ 1
r0
R2
cos3/2 u
sin1/2 u
P (−1,1)n (cos 2u) ; 0  u 

2
;
n = 1; 2; : : : ; (3.4)
where the P
(−1,1)
n ’s are Jacobi polynomials, provided that the spectrum is given by
m2n =
4r20
R4
n(n+ 1) ; n = 1; 2; : : : : (3.5)
Note that the case with n = 0, giving rise to a zero-mass eigenvalue, is not included
in the spectrum since the corresponding Schro¨dinger norm diverges. The eigenval-
ues (3.5) coincide with those found for dilaton fluctuations in [9, 10] using the same
background as here, in agreement with our general discussion in section 2. Also
the n-dependent overall constant in (3.4) has been chosen such that the Ψn’s are
normalized to one.
The conformal factor appearing in the equation of the fluctuations (2.23) is:
eB =
r0
R

8>>>><>>>>>:
cos3 u
sin u
; i; j = 1; 2 ;
1
sin u cosu
; i; j = 3; 4; 5; 6 ;
cos u
sin u
; i = 1; 2 ; j = 3; 4; 5; 6 :
(3.6)
3.1.1 The 2-point functions
Using (2.23), (3.2) and (3.6) we nd the wave equation for the transverse modes of
the gauge eld in the unbroken SO(2) subgroup, the coset and the unbroken SO(4):
(1− x)(x20)0 −
~k2
4
 = 0 ;
(1− x)(x0)0 −
~k2
4
− 1− x
4x
 = 0 ; x  cos2 u 2 [0; 1] ;
x(1− x)00 −
~k2
4
 = 0 ; (3.7)
where the prime denotes derivatives with respect to x and ~k2 = R4=r20kµk
µ, i.e. is
the length-square of the four-vector kµ rescaled for notational convenience with the
indicated factor.
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The wave-functions that blow up at the boundary at x = 1 and are regular at
the singularity at x = 0 are given in terms of a hypergeometric function as7
 = Γ

3 + 
2

Γ

3−
2

xλF

1 + 
2
;
1−
2
; 2; x

; (3.8)
where  =
p
1− ~k2, and where we have introduced the parameter  = 0; 1=2 and
1 for the currents corresponding to the unbroken SO(2), the broken coset and the
unbroken SO(4) symmetries, respectively. The proportionality constant in (3.8) has
been xed such that (1) = 1 and hence at the boundary the solution becomes
proportional to a -function, i.e. fully localized operator insertion. It is interesting
to note that the wavefunctions  in all three cases dier only by dierent powers of
x. This is related, as we have seen, to the fact that the mass spectra for broken and
unbroken currents are identical. From (3.8) we extract
H(~k) =
1− 
~k2
+
1
4

 

1 + 
2

+  

1−
2

+ 2γ

= − 
~k2
+
1
2
1X
n=1
2n+ ~k2
n(4n(n+ 1) + ~k2)
; (3.9)
which has a discrete spectrum of poles at ~k2 = −4n(n+1), n = 1; 2; : : :, corresponding
precisely to the mass eigenvalues (3.5). However, if  6= 0, there is an additional pole
at ~k2 = 0. We will comment on this in various places below.
The three correlators dier only in the coecient of the 1=~k2 term. In the case
of scalar correlators this would just give a contact term and could be ignored, but
in the case of the symmetry-current correlators this has important consequences as
we will explain shortly. Using (2.27) we obtain the following exact expression for the
function G(x) in the correlator (2.26):
G(x) = 
r20
2R4
ln r +
r0
2R2r
1X
n=1
2n+ 1p
n(n+ 1)
K1

2
p
n(n+ 1)
rr0
R2

; (3.10)
where K1 denotes the modied Bessel function and in writing the term containing
ln r we discarded an innite constant. We have also dropped a 1=r2 term, which,
since ¤1=r2  (4)(r), contributes only contact terms to the correlator which we
consistently ignore. Hence, we nd
¤G(x) =  r
2
0
R4r2
+
2r30
R6r
1X
n=1
(2n+ 1)
p
n(n+ 1)K1

2
p
n(n+ 1)
rr0
R2

: (3.11)
7Throughout the paper we will make use of special functions and their properties following the
conventions of [45].
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Let us perform the consistency check that for small r, or equivalently, in the
limit r0 ! 0, we should recover the conformal result. The dominant contribution in
this limit comes from the innite sum which can be approximated by an integral
G(x) =
1
2r2
Z 1/r
1
dn
n
+    ’ − 1
4r2
ln r2 ; as r −! 0 : (3.12)
This gives rise to
¤G(x) ’ 1
r4
; as r −! 0 ; (3.13)
which in turn, gives a 1=r6 fall o for the correlator (2.26) at short distances. As
expected, this coincides with the result in the conformal case (see, for instance, [32,
eq. (30)]).
The behavior of G(x) for large r is easily found from the asymptotic expansion
of the modied Bessel function. For large r each separate term in the innite sum
behaves as e−mnr=r3/2, where mn are the mass eigenvalues in (3.5) and hence gives
rise to an exponential fall o. Keeping the two most dominant contributions in the
r.h.s. of (3.10) we obtain
G(x) ’  r
2
0
2R4
ln r +
3
p

8
p
2

R2
r0r
3/2
e−2
p
2r0r/R2 ; as r −!1 : (3.14)
For the cases corresponding to the broken coset currents and the unbroken SO(4)
currents we have  6= 0 and therefore the dominant contribution for large r comes
from the rst term in (3.14). When substituted into the correlator in (2.26) it
produces a contact term, which we drop, and a term of the form
hJaµ(x)J bν(0)i ’ ab
N2
42
r20
R4
1
r6
(
r2µν − 4xµxν

; as r −!1 : (3.15)
This term decays only with the forth power of the distance and at rst sight it might
be tempting to interpret it as arising from the massless Goldstone boson associated
with the broken symmetry.8 From a physical point of view there are several problems
with such an interpretation: rst, this term does not appear on equal footing for all
three types of currents although they reside in the same supersymmetry multiplet. Its
existence might seemingly be acceptable or even desirable for the broken symmetry,
but this term also appears for the unbroken SO(4)-symmetry currents. We also know
from section 2 that the gauge elds dual to the broken currents become massive via
the Higgs mechanism and, therefore, are not expected to produce any massless states.
Second, the pole of the massless state corresponds to a non-normalizable mode and
it is not expected to show up in the two-point function. The most plausible solution
seems to be that these poles are actually unphysical and should be dropped from the
8Work on the AdS/CFT correspondence and the Goldstone bosons has been reported using a
dierent model in [21].
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correlators. Note that a similar problem was found in [36] for the two-point function
of active scalars in the same backgrounds we are discussing here. The mysterious
massless poles in that paper were later shown to be absent if a dierent prescription
for the correlators is used [37]. It seems likely, although we have not checked, that
an improved prescription would resolve the puzzle in our case as well.
3.2 Distribution of D3-branes on a disc
Our second exactly solvable model represents D3-branes uniformly distributed on a
disc of radius r0. The expressions for the metric and the scalar elds have been given
in [9, 11]. The ve-dimensional metric (2.5) has the conformal factor
e2A =
r20
R2
cosh2/3 u
sinh2 u
; 0  u <1 ; (3.16)
where as before u = r0z=R
2. The scalar elds are given by
e2β1 =    = e2β4 = cosh2/3 u ; e2β5 = e2β6 = cosh−4/3 u : (3.17)
As before, from a ten-dimensional type-IIB view point, these scalars deform the ve-
sphere line element that appears in the D3-brane solution in such a way that the
subgroup SO(2) SO(4) of the isometry group SO(6) is preserved. The Schro¨dinger
potential (2.31) becomes
V =
r20
R4

1 +
3
sinh2 2u

: (3.18)
The energy spectrum for this potential is continuous and has a mass gap
m2  r
2
0
R4
: (3.19)
As before the zero mode corresponds to a non-normalizable wavefunction.
The conformal factor appearing in the equation of the fluctuations (2.23) is:
eB =
r0
R

8>>>>>><>>>>>:
cosh3 u
sinh u
; i; j = 1; 2 ;
1
sinh u coshu
; i; j = 3; 4; 5; 6 ;
cosh u
sinh u
; i = 1; 2 ; j = 3; 4; 5; 6 :
(3.20)
3.2.1 The 2-point function
The wave equation (2.23) for the gauge elds of the unbroken SO(2), the broken
coset and the unbroken SO(4) symmetries, respectively, are:
x2(1− x)00 −
~k2
4
 = 0 ;
x(1− x)(x0)0 − k
2
4
− 1
4
(1− x) = 0 ; x  1
cosh2 u
2 [0; 1] ;
(1− x)(x20)0 −
~k2
4
 = 0 ; (3.21)
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where, as before, ~k2 = k2R4=r20. The properly normalized solution that is also regular
in the interior is
 =
Γ((1 + )=2)Γ((3 + )=2)
Γ(1 + )
x(1+∆)/2−λF

− 1
2
;
+ 1
2
; 1 + ; x

; (3.22)
where  =
p
~k2 + 1 and similarly to before, the parameter  = 0; 1=2 and 1 for the
currents corresponding to SO(2), to the coset and to SO(4), respectively. From this
we obtain
H(~k) =
− 1
k2
+
1
2

 

1 + 
2

+ γ

=
− 1
k2
+
1
2
Z 1
0
dt
e−t − e−∆+12 t
1− e−t (3.23)
and then
G(x) =
1
2
(1− ) r
2
0
R4
ln r +
1
2r2
Z 1
0
dy
y
sinh y
e−
p
y2+r20r
2/R4p
y2 + r20r
2=R4
: (3.24)
Using this result it can be easily seen that the short distance behavior of the propa-
gator is the same as in the conformal case and in particular (3.12) is recovered. At
large distances one nds that the two most dominant terms are
G(x) ’ 1
2
(1− ) r
2
0
R4
ln r +
2
8
R2
r0r3
e−r0r/R
2
; as r −! 1 ; (3.25)
where naturally the range of the Yukawa-term is set by the mass gap in (3.19).
Hence, for the case where  6= 1, corresponding to the cases of the broken coset
and the unbroken SO(2) symmetries, the rst term dominates for large r giving a
contribution to the correlator similar to (3.15), but with  replaced by 1 − . For
similar reasons to those that we outlined for the case of the sphere-distribution of
D3-branes after (3.15), the interpretation of such a term as being related to the
Goldstone bosons is problematic and we believe that they are unphysical.
4. Discussion
In this letter we studied R-symmetry current correlators in certain states on the
Coulomb branch of N = 4 SYM using the standard description of the AdS/CFT
correspondence. The surprising result is that the spectra derived from the analytic
structure of the correlators agree with spectra of other operators corresponding to
dilaton and to the transverse graviton fluctuations. Furthermore, it turned out that
the spectra are identical and do not depend on whether they are in the unbroken
part of the left over global symmetry or reside in the coset, except for certain zero-
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mass poles which do depend on the sector. These poles give rise to a 1=r4 fall o
of the correlators at large distances, the behavior expected of massless scalars, but
we did not nd good physical reasons to identify them with Goldstone bosons of the
broken symmetry currents. We rather think that these poles are unphysical since
they correspond to non-normalizable states and are inconsistent with the fact that
the currents are all in the same supersymmetry multiplet.
Rephrasing the fluctuation equations into a supersymmetric quantum mechanics
problem we found that they all fall into the same universality class and, further-
more, the Schro¨dinger potential are the supersymmetric partner potentials arising
from the dilaton or from the transverse graviton fluctuations, which are identical.
This indicates that all fluctuations in such backgrounds fall into the same class of
supersymmetric quantum mechanics problems.
To obtain a more complete picture including the Goldstone bosons one prob-
ably has to include additional modes that live on the D3-branes which create the
singularity in the infrared. In our set up with a continuous distribution of branes
this seems a formidable task, and as a starting point it seems more feasible to study
simpler examples, e.g. two stacks of coinciding branes or a single test brane sepa-
rated from a stack of branes, in which case one would readily know the additional
modes and their respective couplings to the bulk elds. We leave these issues for
future work.
It will also be interesting to investigate current-correlators using solutions ofD =
7 and D = 4 gauged supergravity that are dual to the (2,0) theories in six dimensions
and the three-dimensional theories with sixteen supercharges, respectively, on the
Coulomb branch. For a class of such backgrounds corresponding to a scalar-gravity
sector analogous the one used in the present paper the most general solution has been
found and is very similar to that in (2.5){(2.8) [13] (see also [12]). The spectrum,
of fluctuations corresponding to a massless scalar has been also exhaustively studied
and in some cases the computations can be performed explicitly [13]. Similarly to the
present paper, in these cases as well, it is quite plausible that the current-correlators
and the associated spectra are related via supersymmetric quantum mechanics to
those of the massless scalar.
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